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IRREGULARITY OF AN ANALOGUE OF THE
GAUSS-MANIN SYSTEMS
CÉLINE ROUCAIROL
Abstrat. In the D-modules theory, Gauss-Manin systems are de-
ned by the diret image of the struture sheaf O by a morphism.
A major theorem says that these systems have only regular singulari-
ties. This paper examines the irregularity of an analogue of the Gauss-
Manin systems. It onsists in the diret image omplex of a D-module
twisted by the exponential of a polynomial g by another polynomial
f , f+(Oe
g), where f and g are two polynomials in two variables. The
analogue of the Gauss-Manin systems an have irregular singularities
(at nite distane and at innity). We express an invariant assoiated
with the irregularity of these systems at c ∈ P1 by the geometry of the
map (f, g).
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1. Introdution
1.1. We denote by OCn the sheaf of regular funtions on C
n
and by DCn
the sheaf of algebrai dierential operators on Cn.
If f : Cn → C is a polynomial, we dene the Gauss-Manin onnetion as
the extension of the at bundle ∪
t∈C\Σ
Hk+n−1(f−1(t)an,C), where Σ ⊂ C is
a nite subset suh that f : f−1(C\Σ)→ C\Σ is a loally trivial bration.
A major theorem says that these onnetions are regular. In the D-module
theory, we study this onnetion with the help of a omplex of DC-modules,
it being the diret image omplex f+(OCn). Their ohomology modules are
alled Gauss-Manin systems. They are holonomi and regular.
Now, let g : Cn → C be another polynomial. We denote by OCne
g
the
DCn-module obtained from OCn by twisting by e
g
. We are interested in an
analogue of the Gauss-Manin systems, it being the diret image omplex
f+(OCne
g).
1
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In [6℄, F. Maaref alulates the generi bre of the sheaf of horizontal
analyti setions of the systems Hk(f+(OCne
g)). It onsists in a relative
version of a result of C. Sabbah in [11℄. Indeed, the generi ber of the sheaf
of horizontal analyti setions of Hk(f+(OCne
g)) is anonially isomorphi
to the ohomology group with losed support Hk+n−1Φt (f
−1(t)an,C), where
Φt is a family of losed subsets of f
−1(t), on whih e−g is rapidly dereasing.
More preisely, this family is dened as follow. Let π : P˜1 → P1 be the
oriented real blow-up of P1 at innity. P˜1 is dieomorphi to C∪S1, where
S1 is the irle of diretions at innity. A is in Φt if A is a losed subset of
f−1(t) and the losure of g(A) in C ∪ S1 intersets S1 in ]− pi2 ,
pi
2 [.
This isomorphism an be better understood using relative ohomology
group. F. Maaref shows that for all t /∈ Σ and for all ρ, suh that Re(−ρ)
is suiently large, the bre at t of the sheaf of horizontal analyti se-
tions of Hk(f+(OCne
g)) is isomorphi to the relative ohomology group
Hk+n−1(f−1(t)an, (f−1(t) ∩ g−1(ρ))an,C).
Finally, he proves the quasi-unipotene of the orresponding loal mono-
dromy.
1.2. The Gauss-Manin systems have only regular singularities. In our ase,
the omplex f+(OCne
g) an have irregular singularities. The aim of this
paper is to haraterize this irregularity in terms of the geometry of the
map (f, g), when f and g are two polynomials in two variables.
In f and g are algebraially independant, we will prove that the omplex
f+(OC2e
g) is essentially onentrated in degree zero. Then, we an assoiate
to this omplex a system of dierential equations in one variable. We
want to alulate the irregularity number of this system at a point at nite
distane and at innity.
Let X be a smooth projetive ompatiation of C2 suh that there
exists F,G : X → P1, two meromorphi maps, whih extend f and g. Let
us denote by D the divisor X \ C2. In the following, we identify P1 with
C ∪ {∞}.
Let Γ be the ritial lous of (F,G). We denote by ∆1 the yle in P
1×P1
whih is the losure in P1×P1 of (F,G)(Γ)∩ (C2 \{c}×C) where the image
is ounted with multipliity and by ∆2 the yle in P
1 × P1 whih is the
losure in P1×P1 of (F,G)(D)∩ (C2 \ {c}×C) where the image is ounted
with multipliity.
For all c ∈ P1, the germs at (c,∞) of the support of ∆1 and ∆2 are some
germs of urves or are empty. Then, we denote by I(c,∞)(∆i,P
1×{∞}) the
intersetion number of the yles ∆i and P
1 × {∞}. If the germ at (c,∞)
of ∆i is empty, this number is equal to 0.
Theorem 1. Let f, g ∈ C[x, y] be algebraially independant. Let c ∈ P1.
Then, the irregularity number at c of the system H0(f+(OC2e
g)) is equal to
I(c,∞)(∆1,P
1 × {∞}) + I(c,∞)(∆2,P
1 × {∞}).
When c ∈ C, we an prove that the germ at (c,∞) of ∆2 is empty.
Moreover, the germ at (c,∞) of ∆1 oinide with the one of the losure in
P1 × P1 of (f, g)(Γ˜) \ {c} × C, where Γ˜ is the ritial lous of (f, g).
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1.3. In general, we do not know how to alulate diretly the irregularity
number of a system assoiated with f+(OC2e
g). The notion of irregular-
ity omplex along an hypersurfae dened by Z. Mebkhout (see [8℄ and
[10℄) is the appropriate tool to express the irregularity of f+(OC2e
g) (see
paragraph 2). Indeed, this irregularity omplex along an hypersurfae is a
generalization of the irregularity number at a point of a system of dieren-
tial equations in one variable. Moreover, Z. Mebkhout proves a theorem of
ommutation between the diret image funtor and the irregularity funtor
(see theorem 2.4). Then, the irregularity number at c ∈ P1 of the system
of dierential equations assoiated with f+(OC2e
g) an be expressed with
the help of an irregularity omplex of a D-module in two variables along a
urve.
In the general ase where f and g are not neessarily algebraially inde-
pendant, the omplex f+(OC2e
g) is not neessarily onentrated in degree
0. Then, we want to alulate the alternative sum of the irregularity num-
ber at c ∈ P1 of the systems Hk(f+(OC2e
g)). This irregularity number IRc
is equal to the Euler harateristi of a omplex of vetor spaes over C, it
being the irregularity omplex of f+(OC2e
g) at c ∈ P1. When f and g are
algebraially independant, this number oinide with the irregularity num-
ber of the system H0(f+(OC2e
g)). Then, we an prove that the irregularity
number IRc is equal to −χ(RΓ(F
−1(c) ∩ G−1(∞), IRF−1(c)(OX[∗D]e
G))),
where IRF−1(c)(OX[∗D]e
G) is the irregularity omplex of OX[∗D]e
G
along
F−1(c).
Then, aording to a result of C. Sabbah in [11℄, we know that, for
x ∈ F−1(c)∩G−1(∞), the Euler harateristi of (IRF−1(c)(OX[∗D]e
G))x is
equal to the Euler harateristi of the ber f−1(D∗(c, η))∩g−1(ρ)∩B(x, ǫ),
where ǫ and η are small enough and |ρ| is big enough. This result is stated
in theorem 3.4 paragraph 3 in terms of omplex of nearby yles.
Then, we have to globalize the situation (see paragraph 4). First of all,
we prove that for η small enough and R big enough, g : f−1(D∗(c, η)) ∩
g−1({|ρ| > R}) → {|ρ| > R} is a loally trivial bration. Then, the
irregularity number IRc is equal to the opposite of the Euler harateristi
of its ber f−1(D∗(c, η))∩g−1(ρ). This result hold in the general ase where
f and g are not neessarily algebraially independant.
Then, we have to study the topology of this ber. We have to distin-
guished the ase where f and g are algebraially independant (see paragraph
5) and the one where they are algebraially dependant (see paragraph 6).
2. Irregularity omplex along an hypersurfae
We will use the denition of regularity given by Z. Mebkhout (see [8℄ and
[10℄). First of all, we reall the denition of irregularity omplex of analyti
D-modules. Then, we dene the notion of irregularity omplex for algebrai
D-modules. Here, we have to take into aount the behaviour of these
modules at innity. Moreover, we state major theorems on irregularity:
the positivity theorem, the stability of the ategory of omplex of regular
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holonomi D-modules (analyti) by diret image by a proper map and the
omparison theorem of Grothendiek.
2.1. The analyti ase. Let X be a smooth analyti variety over C. In
this setion, DX denotes the sheaf of analyti dierential operators on X.
Let Z be an analyti losed subset of X. Denote by i the anonial
inlusion of X \ Z in X. Let M• be a bounded omplex of analyti DX -
modules with holonomi ohomology.
Denition 2.1. We dene the irregularity omplex of M• along Z as the
omplex :
IRZ(M
•) := RΓZ(DR(M
•[∗Z]))[+1]
:= cone
(
DR(M[∗Z])→ Ri∗i
−1(DR(M•[∗Z]))
)
.
Aording to the onstrutibility theorem (.f. [4℄ and [9℄), this omplex
is a bounded omplex of onstrutible sheaves on X with support in Z.
Then, we an dene the ovariant exat funtor IRZ between the ategory
of bounded omplexes of DX -modules with holonomi ohomology and the
ategory of bounded omplexes of onstrutible sheaves on X with support
in Z.
Denition 2.2. M• is said to be regular if its irregularity omplex along
all hypersurfaes of X is zero.
In one variable, the previous denition of regularity generalises the notion
of regular singular point of a dierential equation whih is haraterized
by the annulation of the irregularity number (Fuhs theorem). Indeed,
irregularity omplex along an hypersurfae generalizes irregularity number
in the ase of one variable. Aording to Z. Mebkhout (see [8℄, [10℄), the
harateristi yle of the irregularity omplex of a holonomi D-module
along an hypersurfae is positive.
Theorem 2.3 (positivity theorem). If Z is an hypersurfae of X and M
is a holonomi DX -module, the omplex IRZ(M) is perverse on Z.
The ategory of omplexes of D-modules with regular holonomi oho-
mology is stable by proper diret image. Let us state the theorem whih
proves this stability (see [8℄ and Prop. 3.6-4 of [10℄). It will be a major tool
in this paper.
Let π : X → Y be a proper morphism of smooth analyti varieties over
C. Let T be a hypersurfae of Y .
Theorem 2.4. Let M• be a bounded omplex of analyti DX -modules with
holonomi ohomology. We have an isomorphism:
IRT (π+(M
•))[dim Y ] ≃ Rπ∗(IRpi−1(T )(M
•))[dimX].
2.2. The algebrai ase. Let X be a smooth ane variety over C. In this
setion, DX denotes the sheaf of algebrai dierential operators on X.
Denote by j : X → Pn an immersion of X in a projetive spae. Let Z be
a loally losed subvariety of Pn and M• a bounded omplex of algebrai
DX -modules with holonomi ohomology.
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Denition 2.5. We dene the irregularity omplex of M• along Z as the
omplex :
IRZ(j+(M
•)) := IRZan(j+(M
•)an),
where Zan denotes the analyti variety assoiated with Z and j+(M
•)an
denotes the omplex of analyti D-modules assoiated with j+M.
Denition 2.6. M• is said to be regular if its irregularity omplex along
all subvariety of Pn is zero.
This ondition of regularity does not depend on the hoie of the immer-
sion j (see proposition 9.0-4 in [10℄).
The denition 2.6 of regular holonomi omplex was motivated by the
omparison theorem of Grothendiek (see [2℄) and the omparison theo-
rem of Deligne (see [1℄). As is shown in [7℄, the omparison theorem of
Grothendiek is a onsequene of the following theorem:
Theorem 2.7. The struture sheaf OX is regular in the sense of denition
2.6.
Conerning to the stability of regularity under diret image, Theorem 2.4
allows to prove the following theorem (see Theorem 9.0-7 of [10℄):
Theorem 2.8. The ategory of omplexes of D-modules with regular holo-
nomi ohomology is stable under diret image.
enone 2.9 (remark). Notation We denote by IRkZ(j+(M
•)) the k-th spae
of ohomology of the omplex IRZ(j+(M
•)).
Remark 2.10. We are interested in the irregularity of the diret image
omplex f+(OC2e
g). This is a omplex of DC-modules in one variable, with
holonomi ohomology. Aording to the denition 2.5 of irregularity om-
plex, we have to onsider an immersion j : C → P1. Let c ∈ P1. We want
to examine the omplex IRc(j+f+(OCne
g)). As this omplex has its support
in c, we want to ompute its Euler harateristi χ(IRc(j+f+(OCne
g))c).
In the following, we will denote this number by IRc.
3. Regular holonomi D-modules twisted by an exponential
3.1. Denitions. Let X be an algebrai variety over C. We denote by OX
the sheaf of regular funtions on X.
We identify P1 to C ∪ {∞}. Let g : X → P1 be a meromorphi funtion
on X.
Denition 3.1. We dene the DX-module OX [∗g
−1(∞)]eg as a DX-module
whih is isomorphi to OX [∗g
−1(∞)] as OX -module; the ation of ξ, vetor
eld on an open subset of X, on a setion heg of OX [∗g
−1(∞)]eg is dened
by ξ(heg) = ξ(h)eg + hξ(g)eg .
Let M be a holonomi DX -module.
Denition 3.2. We dene the DX-module M[∗g
−1(∞)]eg as the DX-
module M⊗OX OX [∗g
−1(∞)]eg.
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Remark 3.3. OX [∗g
−1(∞)]eg is the diret image by an open immersion
of a vetor bundle with integrable onnetion. Then, it is a holonomi DX-
module as algebrai diret image of a holonomi D-module.
M[∗g−1(∞)]eg is a holonomi left DX-module as tensor produt of two
holonomi left DX-modules.
We have analogous denitions in the analyti ase. We just have to
transpose in the analyti setting.
3.2. On irregularity of regular holonomi D-modules twisted by an
exponential. Let X be a omplex analyti manifold and let f, g : X → C
be two analyti funtions. Assume that M is a regular holonomi DX -
module (analyti). Generally, M[1
g
]e
1
g
is an irregular DX -module. We want
to relate the irregularity omplex of this module along f−1(0) with some
topologial data.
Lemma 3.4. The omplex IRf=0(M[
1
g
]e
1
g ) and the omplex of nearby y-
les Ψg(DR(M[
1
f
])) have the same harateristi funtion on f−1(0) ∩
g−1(0).
Proof of Lemma 3.4. Aording to orollary 5.2 of [11℄, this lemma is true
in the ase where f and g are the same funtion.
Assume that f and g are not equal. Then, using the ase where the
two funtions are equal, we remark that it is suient to prove that the
omplex IRf=0(M[
1
g
]e
1
g ) and the omplex IRg=0(M[
1
fg
]e
1
g ) have the same
harateristi funtion on f−1(0) ∩ g−1(0).
• Let us rst prove that IRf=0(M[
1
g
]e
1
g ) = RΓf=0(IRg=0(M[
1
fg
]e
1
g )).
Let X∗ denote X \ g−1(0) and η be the inlusion of X∗ in X. By
denition, we have :
IRg=0(M[
1
fg
]e
1
g ) = cone(DR(M[ 1
fg
]e
1
g )→ Rη∗η
−1DR(M[ 1
fg
]e
1
g ))
= cone(DR(M[ 1
fg
]e
1
g )→ Rη∗(DR(M[
1
f
])|X∗)).
Now, onsider the following diagram :
X∗
  η // X
X∗ \ f−1(0)
  η
′
//
?
j
OO
X \ f−1(0).
?
j
′
OO
Then, sine M is regular, aording to the denition 2.6 of regu-
larity, we have :
Rη∗(DR(M[
1
f
])|X∗)) = Rη∗Rj∗(DR(M)|X∗\f−1(0))
= Rj
′
∗Rη
′
∗(DR(M)|X∗\f−1(0)).
As RΓf=0Rj
′
∗ = 0, we obtain :
RΓf=0(IRg=0(M[
1
fg
]e
1
g )) = RΓf=0(DR(M[
1
fg
]e
1
g ))[+1]
= IRf=0(M[
1
g
]e
1
g ).
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• Then, we are led to show that the omplex RΓf=0(IRg=0(M[
1
fg
]e
1
g ))
and the omplex IRg=0(M[
1
fg
]e
1
g ) have the same harateristi
funtion on f−1(0) ∩ g−1(0). Using the following distinguished tri-
angle,
Rj
′
∗j
′
−1(IRg=0(M[
1
fg
]e
1
g ))
[+1]
ttiiii
ii
ii
ii
ii
ii
ii
RΓf=0(IRg=0(M[
1
fg
]e
1
g )) // IRg=0(M[ 1fg ]e
1
g ),
iiSSSSSSSSSSSSSSS
it is suient to show that the harateristi funtion of the omplex
Rj
′
∗j
′−1(IRg=0(M[
1
fg
]e
1
g )) is zero on f−1(0) ∩ g−1(0). Now, if F
is a onstrutible sheaf on X and x ∈ f−1(0), χ((Rj
′
∗j
′−1F)x) =
χ((D(j
′
! j
′−1DF))x) = χ((j
′
! j
′−1DF)x) = 0 (D is the Verdier duality
(see [12℄)).

4. Topologial interpretation of the irregularity of
f+(OC2e
g)
4.1. Notations. Let f, g : C2 → C be two polynomials.
Let X be a smooth projetive ompatiation of C2 suh that there
exists F,G : X→ P1 two meromorphi maps whih extend f and g.
In view to onstrut X, F and G, we onsider an immersion of C2 in P2
and we dene a rational map (f˜ , g˜) on P2 whih extends the map (f, g).
Then, after a nite number of blowing ups, we lift the indeterminaies of
the rational map (f˜ , g˜).
In the following, we xe suh a ompatiation and use the following
notations:
C2
f //
 _
i

C _
j

C2
g //
 _
i

C _
j

X
F // P1 , X
G // P1.
4.2. Two bration theorems.
Lemma 4.1. Let c ∈ C. There exists R > 0 big enough suh that
g : g−1({|ρ| > R}) \ (f−1(c) ∩ g−1({|ρ| > R}))→ {|ρ| > R}
is a loally trivial bration.
Proof. Let S be an algebrai Whitney stratiation of X suh that D and
F−1(c) are union of strata. Aording to the Sard's theorem, there exists U ,
a dense Zariski open subset of P1, suh that G : G−1(U)→ U is transverse
to the Whitney stratiation S
′
of G−1(U) indued by S.
Aording to the rst isotopy lemma of Thom-Mather, G : G−1(U)→ U
is a loally trivial bration with respet to S
′
. Then, we hoose R > 0 big
enough suh that {|ρ| > R} ⊂ U . 
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Using the inlusion j : C → P1, we identify P 1 to C ∪ {∞}. If c ∈ C,
we denote by D(c, η) the open dis in C entered at c of radius η. Let
D(∞, η) = {z ∈ C | |z| > 1
η
} ∪ {∞}. If c ∈ P1, we denote by D∗(c, η) ⊂ C
the set D(c, η) \ {c}.
Lemma 4.2. Let c ∈ P1. There exists η small enough and R big enough
suh that:
g : f−1(D∗(c, η)) ∩ g−1({|ρ| > R})→ {|ρ| > R}
is a loally trivial bration.
Proof. Aording to the rst isotopy lemma of Thom-Mather, we want to
nd a Whitney stratiation S
′
of F−1(D(c, η)) suh that D∩F−1(D(c, η)),
F−1(c) and F−1(S(c, η)) are union of strata and suh that the morphism
G : F−1(D(c, η)) ∩G−1({|ρ| > R})→ {|ρ| > R} is transverse to S
′
.
Let S be an algebrai Whitney stratiation of X suh that F−1(c) and
D are union of strata. For η > 0, we denote by T the real analyti
stratiation {F−1(S(c, η)), F−1(D(c, η))}. For η > 0 small enough, S and
T are transverse. Let S
′
be the real analyti stratiation S ∩ T .
Now, let us prove that for η small enough and R big enough, the map
G : F−1(D(c, η)) ∩G−1({|ρ| > R})→ {|ρ| > R} is transverse to S
′
.
• If S
′
= S ∩ F−1(S(c, η)), for a S ∈ S, we have to prove that for
η small enough and R big enough, G|S∩F−1(S(c,η)) is a submersion.
It is suient to prove that for η small enough and R big enough,
F−1(c
′
) is transverse to G−1|S (ρ), where |ρ| > R and c
′
∈ S(c, η).
Let ΓS be the ritial lous of (F,G)|S and ∆S = (F,G)(ΓS)
be the disriminant variety of F|S and G|S . We denote by ∆
′
S the
losure in P1 × P1 of ∆S ∩ C
2
. In our ase, the dimension of ∆
′
S is
always less than 1. Then we argue by the absurd.
• If S
′
= S ∩ F−1(D(c, η)), for a S ∈ S, as for R big enough, the
map G : S ∩G−1({|ρ| > R})→ {|ρ| > R} is a submersion, the map
G : S
′
∩G−1({|ρ| > R})→ {|ρ| > R} is also a submersion.

4.3. Topologial interpretation of the irregularity of f+(OC2e
g). In
this setion, we desribe the relation between the irregularity of the omplex
f+(OC2e
g) and the bre f−1(D∗(c, η)) ∩ g−1(ρ) given by the lemma 4.2.
Theorem 4.3. Let c ∈ P1. For η small enough and |ρ| big enough,
IRc = −χ(f
−1(D∗(c, η)) ∩ g−1(ρ)).
This theorem an be proved in two steps.
Lemma 4.4.
IRc = −χ(RΓ(F
−1(c) ∩G−1(∞), ψ 1
G
(DR(OX[∗D ∪ F
−1(c)])))).
Lemma 4.5. For η small enough, |ρ| big enough, χ(f−1(D∗(c, η))∩g−1(ρ))
is equal to χ(RΓ(F−1(c) ∩G−1(∞), ψ 1
G
(DR(OX[∗D ∪ F
−1(c)])))).
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Proof of lemma 4.4. This proof onsists in applying the lemma 3.4 on ir-
regularity of regular holonomi D-modules twisted by an exponential and
in globalizing the situation.
• First, we want to prove that
IRc = −χ(RΓ(F
−1(c) ∩G−1(∞), IRF−1(c)(OX[∗D]e
G)an)).
Aording to the denition 2.5 and the theorem 2.4, we have:
IRc(j+f+(OC2e
g)) = IRc(F+(OX[∗D]e
G))
= RF∗(IRF−1(c)(OX[∗D]e
G))[+1]
Then, IRc = −χ(RΓ(F
−1(c), IRF−1(c)(OX[∗D]e
G)an)). So we
have to prove that the support of IRF−1(c)(OX[∗D]e
G)an is inluded
in F−1(c) ∩G−1(∞).
Let x /∈ G−1(∞). Then, G is holomorphi in a neighbourhood
of x and (OX[∗D]e
G)anx is isomorphi to (OX[∗D])
an
x . Aording to
the theorem 2.7, OX is regular. Then OX[∗D] is also regular and
(IRF−1(c)(OX[∗D]e
G)an)x = 0.
• Aording to the theorem 3.4, the omplexes IRF−1(c)(OX[∗D]e
G)an
and ψ 1
G
(DR(OX[∗D ∪ F
−1(c)])) have the same harateristi fun-
tion on F−1(c)∩G−1(∞). We onlude using the following lemma:
Lemma. Let X be an algebrai variety over C. Let F•1 and F
•
2 be two
onstrutible omplexes on X whih have the same harateristi funtion
on X. Then, χ(RΓ(X,F•1 )) = χ(RΓ(X,F
•
2 )).
Proof. We argue by indution on the dimension of X.
(1) If the dimension of X is 0, the result is lear.
(2) Assume that the lemma is true for all X of dimension < n. Let X
be a omplex algebrai manifold of dimension n and Z be a losed
omplex algebrai submanifold of X, proper to X (dim Z < n) suh
that F1|X\Z and F2|X\Z are some loal systems L1 and L2 on X \Z.
For i = 1, 2, we have the following distinguished triangle:
RΓZ(F
•
i )
// F•i // Rj∗j
−1(F•i )
[+1]
// ,
where j is the inlusion of X \ Z in X. Then:
RΓ(X,RΓZ(F
•
i ))
// RΓ(X,F•i )
// RΓ(X,Rj∗j
−1(F•i ))
[+1]
// .
• χ(RΓ(X,Rj∗j
−1(F•i ))) = χ(RΓ(X \ Z,Li)).
As X is an algebrai variety, X \Z is a nite union of onneted
open subsets Uj , j = 1, . . . , k, of X. Then,
χ(RΓ(X,Rj∗j
−1(F•i ))) =
k∑
j=1
χ(Uj)rk(Li).
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As F•1 and F
•
2 have the same harateristi funtion, rk(L1) =
rk(L2). Then,
χ(RΓ(X,Rj∗j
−1(F•1 ))) = χ(RΓ(X,Rj∗j
−1(F•2 ))).
• We have RΓ(X,RΓZ(F
•
i )) = RΓ(Z,RΓZ(F
•
i )). As at the end
of the proof of lemma 3.4, using the Verdier duality ([12℄),
we an prove that RΓ(Z,RΓZ(F
•
i )) and RΓ(X,F
•
i ) have the
same harateristi funtion on Z. Then, RΓ(Z,RΓZ(F
•
1 )) and
RΓ(Z,RΓZ(F
•
2 )) have the same harateristi funtion on Z.
As dim Z < n, we apply the indutive hypothesis to obtain:
χ(RΓ(Y,RΓZ(F
•
1 ))) = χ(RΓ(Y,RΓZ(F
•
2 ))).
Then,
χ(RΓ(Y,F•1 )) = χ(RΓ(Y,F
•
2 )).


Proof of lemma 4.5. Denote by F• the omplex ψ 1
G
(DR(OX[∗D∪F
−1(c)])).
• Let η2 small enough suh that G : G
−1(D∗(∞, η2))→ D
∗(∞, η2) is
a loally trivial bration. We denote by
˜D∗(∞, η2) the universal
overing of D∗(∞, η2). Let (E, π, G˜) be the ber produt over
D∗(∞, η2) of G
−1(D∗(∞, η2)) and ˜D∗(∞, η2). Then, we have the
following diagram:
G−1(∞)
  j // X G−1(D∗(∞, η2))?
_ioo
G

E
pioo

D∗(∞, η2) ˜D∗(∞, η2)
oo
By denition, F• = j−1R(i◦π)∗(i◦π)
−1(DR(OX[∗D∪F
−1(c)])).
• Let α : X \ (F−1(c) ∩D) → X open inlusion. As OX is regular in
the sense of denition 2.5 (theorem 2.7),
DR(OX[∗D ∪ F
−1(c)]) = Rα∗α
−1(CX).
• Let Z = F−1(c)∩G−1(∞), Zη1,η2 = F
−1(D(c, η1))∩G
−1(D(∞, η2))
and Zη1,ρ = F
−1(D(c, η1)) ∩G
−1(ρ).
RΓ(Z,F•) = indlim
η1,η2>0
RΓ(Zη1,η2 , R(i ◦ π)∗(i ◦ π)
−1(Rα∗α
−1(CX))
= indlim
η1,η2>0
RΓ((i ◦ π)−1(Zη1,η2), (i ◦ π)
−1(Rα∗α
−1(CX))
Let Σ be a Whitney stratiation assoiated with the onstrutible
sheaf Rα∗α
−1(CX). Then, F
−1(c) and D are union of strata. A-
ording to the proof of lemma 4.2, for η1 and η2 small enough,
G : F−1(D(c, η)) ∩G−1(D∗(∞, η2))→ D
∗(∞, η2) is a loally trivial
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bration with respet to Σ. Then, there exists a homotopy equiva-
lene p : (i ◦ π)−1(Zη1,η2) → Zη1,ρ ompatible with Σ. Thus, while
adapting the proposition I.3-4 of [9℄ to onstrutible sheaves,
RΓ(Z,F•) = indlim
η1>0
RΓ(Zη1,ρ, Rα∗α
−1(CX))
= indlim
η1>0
RΓ(α−1(Zη1,ρ), α
−1(CX))
= indlim
η1>0
RΓ(f−1(D∗(c, η1)) ∩ g
−1(ρ), α−1(CX))
Then, χ(RΓ(Z,F•)) = χ(f−1(D∗(c, η1)) ∩ g
−1(ρ)).

5. When f and g are algebraially independant
Let f, g ∈ C[x, y] be two polynomials whih are algebraially indepen-
dant. In this setion, we will prove that the omplex f+(OC2e
g) is essentially
onentrated in degree 0. Finally we obtain a formula for the irregularity
number at c ∈ P1 in terms of some geometri data assoiated with f and g.
5.1. The omplex f+(OC2e
g) is essentially onentrated in degree
zero.
Proposition 5.1. The omplex f+(OC2e
g) is onentrated in degree zero
exept at a nite number of points.
Proof. • First of all, we reall the result of F. Maaref [6℄ about
the generi bre of the sheaf of horizontal analyti setions of
Hk−1(f+(OC2e
g)).
Theorem 5.2. There exists a nite subset Σ of C suh that for all
c ∈ C \ Σ and all ρ ∈ C, suh that Re(−ρ) is big enough,
i+c H
k−1(f+(OC2e
g)) ≃ Hk(f−1(c), (f, g)−1(c, ρ),C),
where ic is the inlusion of {c} in C.
• For all c, ρ ∈ C, we have the long exat sequene of relative oho-
mology:
0 // H0(f−1(c), (f, g)−1(c, ρ),C) // H0(f−1(c),C)
α // H0((f, g)−1(c, ρ),C)
rreeeeeee
eee
eee
eee
eee
eee
eee
eee
H1(f−1(c), (f, g)−1(c, ρ),C) // H1(f−1(c),C)
β // H1((f, g)−1(c, ρ),C)
rreeeeeee
eee
eee
eee
eee
eee
eee
eee
H2(f−1(c), (f, g)−1(c, ρ)),C) // 0.
We want to prove that Hk(f−1(c), (f, g)−1(c, ρ)) = 0 for all k 6= 1.
AsH1((f, g)−1(c, ρ),C) = 0, it is enough to prove that α is injetive.
Then, it is suient to prove that the bre g−1(ρ) intersets all the
onneted omponents of f−1(c).
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Let (F,G) : X → P1 × P1 be a ompatiation of (f, g) :
C2 → C2. As (F,G) : X → P1 × P1 is proper, we know that its
image is losed in P1 × P1. Moreover, as f and g are algebraially
independant, (F,G) is neessarily surjetive.
Aording to the theorem of Stein fatorization ([3℄ orollary 11.5
p. 280), there exists F
′
: X→ Y , surjetive morphism of projetive
varieties with onneted bres and a nite morphism Ψ : Y → P1,
suh that F = ψ ◦ F
′
. As (F,G) is surjetive, (F
′
, G) is also
surjetive. Then, for all (c, ρ) ∈ P1 × P1, G−1(ρ) intersets all the
onneted omponents of F−1(c).
Furthermore, there exists Σ ⊂ C nite subset suh that for all
c ∈ C \ Σ, the bre F−1(c) is the union of f−1(c) with a nite
number of points. Then, for a suh c, there exists Σc ⊂ C nite
subset suh that for all ρ ∈ C\Σc, g
−1(ρ) intersets all the onneted
omponents of f−1(c). Then, for all (c, ρ) ∈ C2 exept a nite
number, the bre g−1(ρ) intersets all the onneted omponents of
f−1(c).
• Then, aording to the theorem 5.2, for all c ∈ C \ Σ, for all
k 6= 0, i+c (H
k(f+(OC2e
g)) = 0. As Hk(f+(OC2e
g)) is an integrable
onnetion exept at a nite number of points, we have that, for all
c ∈ C exept a nite number, Hk(f+(OC2e
g))c = 0, if k 6= 0. Thus,
f+(OC2e
g) is essentially onentrated in degree 0.

Corollary 5.3. For all c ∈ P1, the omplex IRc(j+f+(OC2e
g)) is onen-
trated in degree 0.
Proof. Let c ∈ P1. Denote by M• the omplex j+f+(OC2e
g). For k 6= 0,
Hk(M•) has puntual support. Let η be small enough suh that for all k 6=
0, Hk(M•)|D(c,η)∗ = 0. Then, (M
•[∗{c}])|D(c,η) = (H
0(M•)[∗{c}])|D(c,η) .
Then, IRc(M
•) = IRc(H
0(M•)[∗{c}]). Then, aording to the positiv-
ity theorem 2.3, this omplex is just a vetor spae over C. So, for all k 6= 0,
Hk(IRc(j+f+(OC2e
g))) = 0. 
enone 5.4 (remark). Remark Aording to this orollary, the omplex
IRc(j+f+(OC2e
g)) is entirely determined by its Euler harateristi IRc.
5.2. Geometrial interpretation of the irregularity.
enone 5.5 (remark). Notation
• Let Γ be the ritial lous of (F,G). In the ase where f and g are
algebraially independant, this variety has dimension 1.
• Let ∆ be the disriminant variety of F and G. ∆ is the image by
(F,G) of the urve Γ (ounted with multipliity). ∆ is an algebrai
losed subset of P1 × P1.
• Denote by ∆1 the yle in P
1 × P1 whih is the losure in P1 × P1
of ∆ ∩ (C2 \ {c} × C), where ∆ is ounted with multipliity.
• Denote by ∆2 the yle in P
1 × P1 whih is the losure in P1 × P1
of (F,G)(D) ∩ (C2 \ {c} × C), where the image is ounted with
multipliity.
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(the supports of ∆1 and ∆2 are two algebrai losed subsets in
P1 × P1. They are some union of urves and points.)
• For all c ∈ P1, the germs at (c,∞) of the supports of ∆1 and ∆2 are
some germs of urves or are empty. We denote by I(c,∞)(∆i,P
1 ×
{∞}) the intersetion number of the yles ∆i and P
1×{∞}. If the
germ at (c,∞) of ∆i is empty, this number is equal to 0.
Theorem 5.6. Let f, g ∈ C[x, y] be two polynomials algebraially indepen-
dants. Let c ∈ P1.
IRc = I(c,∞)(∆1,P
1 × {∞}) + I(c,∞)(∆2,P
1 × {∞}).
Proof. Aording to theorem 4.3,
IRc = −χ(f
−1(D∗(c, η)) ∩ g−1(ρ)).
We want to study the topology of the bre f−1(D∗(c, η)) ∩ g−1(ρ).
For |ρ| big enough, G−1(ρ) is smooth and ut transversally D. Then,
χ(f−1(D∗(c, η)) ∩ g−1(ρ)) = χ(F−1(D∗(c, η)) ∩G−1(ρ))
−χ(F−1(D∗(c, η)) ∩G−1(ρ) ∩D).
• We want to prove that χ(F−1(D∗(c, η))∩G−1(ρ)) = I(c,∞)(∆1,P
1×
{∞}).
As ∆1 is a union of urves and points, for η small enough and |ρ|
big enough, ∆1∩ (D
∗(c, η)×{ρ}) is a nite set {(c1, ρ), . . . , (cr, ρ)}.
Moreover, F : F−1(D∗(c, η)) ∩ G−1(ρ) → D∗(c, η) is a ramied
overing. The ramied points are the points P ∈ F−1(D∗(c, η)) ∩
G−1(ρ)∩Γ and the ramiation index at P is IP (F
−1(F (P )), G−1(ρ)) =
IP (Γ, G
−1(ρ)) + 1. Then,
χ(F−1(D∗(c, η)) ∩G−1(ρ)) = −
∑
P∈F−1(D∗(c,η))∩G−1(ρ)∩Γ
IP (Γ, G
−1(ρ)).
Aording to the projetion formula for a proper map,
χ(F−1(D∗(c, η)) ∩G−1(ρ)) =
r∑
i=1
I(ci,ρ)(∆,P
1 × {ρ})
= I(c,∞)(∆1,P
1 × {∞})
• We want to prove that χ(F−1(D∗(c, η))∩G−1(ρ)∩D) = I(c,∞)(∆2,P
1×
{∞}).
As G−1(ρ) is smooth and ut transversally D,
χ(F−1(D∗(c, η)) ∩G−1(ρ) ∩D) = Card(F−1(D∗(c, η)) ∩G−1(ρ) ∩D)
=
∑
Q∈F−1(D∗(c,η))∩G−1(ρ)∩D
IQ(D,G
−1(ρ))
Aording to the projetion formula for a proper map,
χ(F−1(D∗(c, η)) ∩G−1(ρ) ∩D) =
∑
(c′ ,ρ)∈∆2∩(D∗(c,η)×{ρ})
I(c′ ,ρ)((F,G)(D),P
1 × {ρ})
= I(c,∞)(∆2,P
1 × {∞})

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enone 5.7. Remark Denote by Γ˜ the ritial lous of (f, g). Let ∆˜ be the
losure of (f, g)(Γ) \ ({c} × C) in P1 × P1.
If c ∈ C, the germ at (c,∞) of ∆1 is the germ at (c,∞) of ∆˜ and the
one at (c,∞) of ∆2 is empty. Then, if c ∈ C,
IRc = I(c,∞)(∆˜,P
1 × {∞}).
We dedue this remark from the following lemma:
Lemma 5.8. Let c ∈ C. For η > 0 small enough and R > 0 big enough,
F−1(D∗(c, η)) ∩G−1(ρ) does not interset D, for |ρ| > R.
Proof. We reall that F,G : X → P1 are onstruted in the following way.
We onsider an immersion of C2 in P2. We onstrut a rational map
(f˜ , g˜) : P2 − − > P1 whih extend (f, g). On P2 \ C2, (f˜ , g˜) takes the
value (∞,∞) or is not well dened. Then, we lift the indeterminaies of
(f˜ , g˜) after a nite number of blowing ups. Then, aording to [5℄, we know
that F−1(∞) and G−1(∞) are onneted. As F−1(∞) and G−1(∞) have a
non empty intersetion, F−1(∞) ∪G−1(∞) is onneted.
Now let Z be an irreduible omponent of D. We want to prove that for
η small enough and R big enough, F−1(D∗(c, η)) ∩G−1(ρ) ∩ Z = ∅.
If it is not true, we an onstrut a sequene (xn)n∈N suh that xn ∈ Z,
0 < |F (xn)− c| <
1
n
and |G(xn)| = ρn, with limn→+∞ ρn =∞. Then there
exists a point x ∈ F−1(c) ∩G−1(∞) ∩ Z.
As Z ≃ P1, F|Z and G|Z are neessarily surjetive or onstant. The
existene of the sequene (xn)n∈N allows us to onlude that F|Z and G|Z
are neessarily surjetive. Then there exists another point y ∈ Z∩F−1(∞),
y 6= x.
This ontradits the fats that F−1(∞) ∪G−1(∞) is onneted and F|Z
is surjetive.

6. When f and g are algebraially dependant
Let f, g ∈ C[x, y] be two polynomials whih are algebraially dependant.
Then, the omplex f+(OC2e
g) is not neessarily onentrated in degree 0.
However, we give a formula for the irregularity number IRc at c ∈ P
1
.
Let (F,G) : X→ P1 × P1 be a ompatiation of the map (f, g) : C2 →
C2. As f and g are algebraially dependant, ∆˜ = im (F,G) is a losed
subvariety of P1 × P1.
• Let∆ be the yle whih is the losure in P1×P1 of ∆˜∩(C2\{c}×C).
In a neighbourhood of (c,∞), ∆ is a urve or is empty. We denote
by I(c,∞)(∆,P
1×{∞}) the intersetion number of the yles ∆ and
P1×{∞}. If the germ at (c,∞) of ∆ is empty, this number is equal
to 0.
• Let F be the generi ber of (f, g) : C2 → im (f, g).
Theorem 6.1. Let f, g ∈ C[x, y] be two polynomials algebraially depen-
dants. Let c ∈ P1.
IRc = −χ(F ) ∗ I(c,∞)(∆,P
1 × {∞}).
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Proof. Aording to the theorem 4.3, IRc = −χ(f
−1(D∗(c, η)) ∩ g−1(ρ)),
where η is small enough and |ρ| is big enough.
As ∆ is a urve or is empty in a neighbouhood of (c,∞), ∆∩ (D∗(c, η)×
{ρ}) is a nite union of points (c1, ρ), . . . , (cr, ρ). Then, f
−1(D∗(c, η)) ∩
g−1(ρ) =
⋃r
i=1(f, g)
−1(ci, ρ).
We onlude that χ(f−1(D∗(c, η)) ∩ g−1(ρ)) = χ(F ) ∗ I(c,∞)(∆,P
1 ×
{∞}). 
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